We consider the topological space of all composition operators on the Banach algebra of bounded analytic functions on the unit disk. We obtain a function theoretic characterization of isolated points and show that each isolated composition operator is essentially isolated.
Introduction
Let H ∞ be the set of all bounded analytic functions on the open unit disk D. Then H ∞ is a Banach algebra under the supremum norm,
Every analytic self map ϕ of D induces through composition a linear composition operator C ϕ on H ∞ defined by
We consider here the set C(H ∞ ) of composition operators on H ∞ as a subset of the bounded linear operators on H ∞ , endowed with the operator norm. The basic problem we are interested in is the topological structure of C(H ∞ ).
In [8] , MacCluer, Ohno, and Zhao studied connected components and isolated points in C(H ∞ ) and asked whether every isolated composition operator in C(H ∞ ) is essentially isolated, that is, isolated in the space of composition operators with the topology induced by the essential semi-norm
In this paper, we solve the above-mentioned problem affirmatively.
In [8, Corollary 9] , it is proved that if 2π 0 log(1 − |ϕ|) dθ/2π > −∞, (1.1) then C ϕ is not isolated in C(H ∞ ). By [2] , it is known that ϕ satisfies condition (1.1) if and only if ϕ is not an extreme point of the closed unit ball of H ∞ ; see also [7, p. 138 ]. In Theorem 4.1, we prove that (1.1) holds if and only if C ϕ is not isolated in C(H ∞ ). In Lemma 4.2, we prove that if C ϕ and C ψ are not in the 1766 TAKUYA HOSOKAWA, KEIJI IZUCHI, AND DECHAO ZHENG same connected component of C(H ∞ ), then 1 ≤ C ϕ − C ψ e ≤ 2 for ψ = ϕ. As a consequence we have that C ϕ and C ψ are in the same connected component if and only if C ϕ and C ψ are in the same essentially connected component. This answers MacCluer, Ohno, and Zhao's problem posed in [8] .
To prove our results, we need some preparation. A sequence {z k } k in D is called asymptotically interpolating if for every sequence of complex numbers {a k } k such that |a k | ≤ 1 for every k, there exists h ∈ H ∞ such that h ∞ ≤ 1 and |h(z k ) − a k | → 0. In Section 3, we prove that for a given sequence {w n } n in D with |w n | → 1 there exists an asymptotically interpolating subsequence. This is a key in this paper.
There are many studies of composition operators on the Hardy space H 2 ; see [1, 7, 9, 11] . There are some differences in properties between H ∞ and H 2 . For example, there exists ϕ such that C ϕ is not isolated in C(H 2 ) but ϕ does not satisfy (1.1); see [10] . This is contrary to our Theorem 4.1.
Preliminaries
First we introduce some notation. Let M (H ∞ ) be the set of non-zero multiplicative linear functionals of H ∞ . Then M (H ∞ ) is a compact Hausdorff space with the weak*-topology. For a subset E of M (H ∞ ), we denote by cl E the closure of E in M (H ∞ ). We identify a function f in H ∞ with its Gelfand transform;
For z and w in D, we define the pseudohyperbolic distance ρ(z, w) by
A sequence {z n } n and an associated Blaschke product are called sparse or thin if
If b is a sparse Blaschke product with zeros {z n } n , then |b(w j )| → 1 for every sequence {w j } j in D satisfying ρ(w j , {z n } n ) → 1 as j → ∞; see [5] . For z ∈ D, and 0 < r, let
which is called the pseudo-hyperbolic disk. The pseudo-hyperbolic disk ∆(z, r) is also a euclidean disk. Let S(D) denote the set of analytic self-mapping of the unit disk D. In [8, Theorems 1 and 2], MacCluer, Ohno, and Zhao proved the following. (iii) C ϕ is isolated in C(H ∞ ) if and only if the connected component containing
Theorem 3 in [8] is restated as follows.
Asymptotically interpolating sequences
Let A be the disk algebra, that is, A is the space of continuous functions on the closed unit disk D and analytic in D. Theorem 3.1. For every sequence {w n } n in D with |w n | → 1, there exists an asymptotically interpolating subsequence of {w n } n .
Proof. We may assume that |w n − 1| → 0. Put f (z) = (z + 1)/2, z ∈ D. Then f ∈ A,
Put g(z) = (z − 1)/2, z ∈ D, and g n = g 1/n for every positive integer n. Then g n ∈ A, g n ∞ = 1, g n (1) = 0, and
By induction, we shall find two sequences of increasing positive integers
First, take m 1 = 1. By (3.1), there exists z 1 ∈ {w n } n such that |f (z 1 )| > 1/2. By (3.2), there exists n 1 such that |(f m1 g n1 )(z 1 )| > 1/2. Take a complex number c 1 such as
are chosen satisfying our conditions. Put 7) and
By (3.2), there exists n N +1 such that n N < n N +1 and
By (3.10) ,
Then |c N +1 | = 1 − (1/2) N +2 , and by (3.13) we get (3.3) for N + 1. Also, by (3.11) 
Thus we get (3.5) for N + 1. Since z N +1 ∈ U N , by (3.8) we have (3.4) for N + 1. By (3.7) and (3.9), (3.6) holds. This completes the induction.
By (3.6) ,
Let {a k } k be a sequence of complex numbers such that |a k | ≤ 1 for every k. Put
This completes the proof.
Main results
By Fact 2.1(iii), a composition operator C ϕ is an isolated point if and only if the connected component containing C ϕ in C(H ∞ ) consists of only C ϕ . Our first main result is the following theorem which gives a function theoretic characterization of isolated points in C(H ∞ ). 
By our assumption, we get 2π 0 log(1 − |f |) dθ/2π = −∞. This contradicts (4.3). The converse is proved in [8, Corollary 9] .
In [8] , MacCluer, Ohno, and Zhao showed that C ϕ and C ψ are in the same connected component if C ϕ − C ψ is compact. They also gave an example of ϕ ∈ S(D) that C ϕ is not isolated but C ϕ − C ψ is not compact for some C ψ in the same component of C ϕ . Here we show that this occurs for every non-isolated connected component in C(H ∞ ), except the component consists of compact composition operators.
Examples. Let ϕ ∈ S(D)
. Suppose that C ϕ is not isolated and ϕ ∞ = 1. Then there exist ψ 1 , ψ 2 ∈ S(D) satisfying the following conditions:
There exists an outer function ω ∈ H ∞ such that |ω| = 1 − |ϕ| a.e. on ∂D; see [6] . For each z ∈ D, let P z (θ) be the Possion kernel at z. The values of ω and ϕ at z are given by 
(4.5)
The last inequality is obtained by dividing the denominator and nominator by |ω(z)| and using (4.4) . Suppose that |ϕ(z n )| → 1. Then by (4.4) , ω(z n ) → 0. Hence by (4.5), ρ(ϕ(z n ), ψ 1 (z n )) → 0. Next suppose that |ψ 1 (z n )| → 1. Since
Thus (1 − t)|ω(z n )| → 0 and ω(z n ) → 0. So ρ(ϕ(z n ), ψ 1 (z n )) → 0. By Fact 2.2, C ϕ − C ψ1 is compact. Since 1 − |ϕ(e iθ )| = |ω(e iθ )| and ω(e iθ ) = 0 for almost everywhere, 1 − |ϕ(e iθ )| < |ω(e iθ )| t for almost everywhere. Also by our assumption, the Lebesgue measure of the set {e iθ ; r < |ϕ(e iθ )| < 1} is positive for every r, 0 < r < 1. Therefore there exists a sequence {z n } n in D such that
Moreover we may assume that
Put θ 3 = θ 1 + θ 2 and ψ 2 = ϕ + te iθ3 ω. Then in the same way as above,
so that C ϕ and C ψ2 are in the same component. To prove that C ϕ − C ψ2 is not compact, by Fact 2.2 it is sufficient to prove lim sup
by (4.6).
Hence by Fact 2.2, C ϕ − C ψt is not compact. Proof. By Fact 2.1(i), sup z∈D ρ(ϕ(z), ψ(z)) = 1. Then we may assume that there exists a sequence {z n } n in D such that |ϕ(z n )| < |ϕ(z n+1 )| → 1 and ρ(ϕ(z n ), ψ(z n )) → 1. Then |z n | → 1. By Theorem 3.1, we may assume that {ϕ(z n )} n is asymptotically interpolating.
To prove our assertion, suppose that C ϕ − C ψ e < 1. Take a positive number σ such that C ϕ − C ψ e < σ < 1 and take a compact operator K on H ∞ such that
We claim that there are a Blaschke product b 0 and a subsequence {w n } n of {z n } such that b 0 (ψ(w n )) → 0 (4.9) and |b 0 (ϕ(w n ))| → 1. Fix a positive integer k. Since {ϕ(w n )} n is asymptotically interpolating, there exists h k ∈ H ∞ such that h k ∞ ≤ 1 and |h k (ϕ(w n )) − b 0 (ϕ(w n ))| → 0 as |w n | → 1 and w n ∈ E k (4.12) and |h k (ϕ(w n )) + b 0 (ϕ(w n ))| → 0 as |w n | → 1 and w n /
Hence by (4.9), (4.10), (4.12), and (4.13),
and
Hence by (4.15),
Thus | − 1 + F (ζ n )| ≤ σ < 1 for every n, so that | − 1 + F (ζ 0 )| ≤ σ < 1. This contradicts (4.17).
In order to prove our claim we divide the proof into two cases.
In this case, considering a subsequence of {z n } n we may further assume that ψ(z n ) → a and |a| < 1. Let b 0 (z) = (z − a)/(1 − az), z ∈ D. Then b 0 (ψ(z n )) → 0.
Since |ϕ(z n )| → 1, |b 0 (ϕ(z n ))| → 1.
This proves the claim desired.
Case 2. |ψ(z n )| → 1.
Considering a subsequence of {z n } n , we may assume that {ψ(z n )} n is a sparse sequence; see page 42 in [4] . Since |ϕ(z n )| → 1 and (4.7), we may further assume that ρ(ϕ(z n ), ψ(z j )) > 1 − 1/n and ρ(ϕ(z j ), ψ(z n )) > 1 − 1/n for 1 ≤ j ≤ n.
Then ρ(ϕ(z k ), {ψ(z n )} n ) → 1 as k → ∞. Let b 0 be the sparse Blaschke product with zeros {ψ(z n )} n . Hence |b 0 (ϕ(z k ))| → 1; see [5] . Then the claim is true, too.
As pointed out in Section 1, we may introduce the essential norm topology on C(H ∞ ). With this topology, we consider essentially connected components of C(H ∞ ). is open and hence closed in the essential norm topology. Since the essential norm topology is weaker than the norm topology, we get our assertion.
In [8] , MacCluer, Ohno, and Zhao posed the problem of whether every isolated composition operator in C(H ∞ ) is essentially isolated. The following theorem answers this problem affirmatively.
